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Unified Treatment of Lifting Atmospheric Entry

Philip R. Nachtsheim*
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This paper presents a unified treatment of the effect of lift on peak acceleration during atmospheric entry.
Earlier studies were restricted to different regimes because of approximations invoked to solve the same trans-
cendental equation. This paper shows the connection between the earlier studies by employing a general ex-
pression for the peak acceleration and obtains solutions to the transcendental equation without invoking the
earlier approximations. Results are presented and compared with earlier studies where appropriate.

Nomenclature

A =vehicle frontal area

Cp - =drag coefficient

D =drag

g =gravitational acceleration

G =acceleration measured in units of Earth gravity
L =lift

m =vehicle mass

R =distance from planet’s center to vehicle

4 =velocity

y =altitude above planet’s surface

B =inverse scale height =1/23,000 ft ~! =1/7.01 km -!

(Earth)

0 =angle between local horizontal and V'

P =density

Subscript

E =entry conditions

Superscript

( )* =conditions at peak acceleration

Introduction

NALYTIC studies dealing with the effect of lift on peak

acceleration during- atmospheric entry have been
presented by Lees et al.! and Arthur and Karrenberg.2 The
describing equations in both studies are the same, but the
results of each are restricted to different regimes. Reference 1
is restricted to small entry angles and Ref. 2 to small values of
L/D. The purpose of the present paper is to provide a unified
treatment. It is pointed out herein that the restrictions im-
posed in the cited references arise in the solution of the same
transcendental equation. This transcendental equation does
not appear explicitly in the work of Chapman? since his
results are obtained by numerical integration of the equations
of motion. The present work deals with the effect of lift on
peak acceleration and is restricted to entry velocities in the
neighborhood of the circular satellite velocity.
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Analysis

Using the notation of Ref. 1, the describing equations of the
motion of a body in the atmosphere of a planet are

mV=—D+mg sinf )
mVl= —L+mg cosf— (mV? cos#) /R )

As in the Allen and Eggers study,* the assumptions are:
weight neglected, flat earth (R— o), and constant g; thus the
equations reduce to ‘

V=-D/m ‘ 3)

Vé=—L/m @)

These are the common equations used in Refs. 1 and 2 for a
constant lift-drag ratio.

From the exponential approximation for the atmospheric
density, p=p, exp(—By), it follows that p= —By; this,
coupled with the relation y=—V sinf and D="YpC,AV?,
yields

dV?/dp=~CpAV?/Bm sind 3)
d cos/dp= Y2 (L/D) (CprA/Bm) ' 6)
Dividing Eq. (5) by Eq. (6) leads to the integral

E

2 —_V2
VZ2=V%exp VLD (@]
The integral of Eq. (6) is (for pg =0)
m cosf — cosd
_ B COsVg ®)

P=CpA  wL/D

When these relations are substituted into the expression for
the acceleration V= —Yp(CpAV?/m), the acceleration is
expressed as a function of 6 alone. Differentiation and
equating to zero the formula for the acceleration leads to the
following expression:

14L/D sinf=cost —cosfz C)]

which holds at peak acceleration. The sudies in Refs. 1 and 2
differed in the assumptions invoked to solve Eq. (9).
Reference 1 considered the case §z<1 and Ref. 2 the case
L/D<1 or, equivalently, in view of Eq. (9), 16—0z1<1. In
addition, Allen and Eggers work4 for ballistic entry
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(L/D=0j) satisfied Eq. (9) by assuming 6 =6,. In all cases,
from Egs. (8) and (9), it follows that a peak acceleration

sinf*

pr = S00" (10)

T CpA/Bm

where 6 denotes the solution of Eq. (9) and the asterisk in-
dicates values at peak acceleration. Also

— Vg
W“wL/D

— V* =158 sinf* Viexp ap

where V= — (D/m) is the acceleration along the flight path
and V6= — (L/m) is the acceleration normal to the flight
path. The resultant of these (measured units of Earth g) is
given by

G=D/gmVI+ (L/D)?2=—(V/g)NI+ (L/D)?

or at peak acceleration

5 gntvE (e e ) 1+ (5)
*=__ * 1 —_
G ngmo Vi{exp LD + b (12)

Consistent with the approximations used to derive Egs. (3)
and (4), this is the general expression for peak acceleration.
The various expressions used in earlier studies can be derived
from this relation. First consider the case of Allen and
Eggers,* L/D=0, 0=0g (0*—0g)/(¥L/D) is in-
determinate. However, at peak acceleration, Eq. (9) gives
L/D as a function of 8*. This permits evaluation of the in-
determinate form by L’Hospital’s rule since

d (ll_,>__d_cos0*—cos05
do* \2D/ "~ d6*  sin6*

At 6* =0 the derivative equals — 1, which gives
GlLp=0) =2 (B/ge)sinbg Vi 13)

Lees et al.! restricted the solution of Eq. (9) to the region
0 < 1. This permits the use of the approximation sinf =8 and
cos@=1-(02/2). With these approximations, Eq. (9) is
written

62+ (L/D)6=6%

with an approximate solution 6*=60%/(L/D). When sub-
stituted into Eq. (12), this approximate solution yields

18 62 < 8, ) <L>2
LN Y (e J1+ (& 14
G 2gL/p E\"PT%L/D +\p 14

Note that the solution considered by Lees et al. rules out the
case of vanishing L/D. As shown earlier, this is the Allen-
Eggers solution.

Arthur and Karrenberg? restrict the solution of Eq. (9) to
the region L/D <1 or, equivalently, 16—8,1 <1. The terms in
Eq. (9) are expanded in powers of 8 — 0 as follows:

siné=sinfg [ 1+ (0—0;)ctnbg] (15)

2

cosf—cosfp = — (0—05)sin0E(1+ Ectn05>

Substituting into Eq. (9) yields

2L 0+ 0-0prantz) = - 000 (1+ = E cna
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An approximate solution is
0* —0x=—12(L/D)(I1— % (L/D)ctnbg) (16)

The above equation can be seen to be equivalent to Eq. (12) in
Ref. 2 when (0—0) is eliminated between Egs. (7) and (16)
of the present paper. Substituting Eqs. (15) and (16) into (12)
after expanding the exponential and simplifying by neglecting
higher powers of L/D yields

=Pt (=5 peme) 1+ (5)
G*= 2ee VEU— 4 pemoe) N1+ (5 (17

It has been demonstrated that the general relation Eq. (12)
yields the previous specialized cases, and that the restrictions
in these special cases are imposed in solving Eq. (9). Finally,
consider the expression given by Chapman? for peak ac-
celeration for shallow entry angles. Equation (12) can be
written at peak accleration as

18Cpa ( )z
Gr=zE28 ez ) L
2g gm ° +\b

where Egs. (7) and (10) have been used to eliminate ex-
pressions containing 6*.

Rearranging and introducing Chapman’s notation
(R =distance from planet’s center to vehicle, VgR = circular
satellite velocity), we have

G*= Bk% [«/?N%; \/I;]«/1+<b)2 (18)

which is Chapman’s result for peak acceleration [Eq. (51),
Ref. 3]. The expression in brackets in the above equation is
Chapman’s Z function evaluated at peak acceleration for
shallow entry angles (cosf=1). At this point, the distinction
between Chapman’s work and the present treatment should be
made clear. To evaluate Eq. (18), Chapman made use of the
solutions of the equations of motion obtained by numerical
integration. In the present paper, the evaluations are made by
obtaining the solution to Eq. (9). In addition, the solutions
obtained herein are not restricted to shallow entry angles.

The approximate graphic solution of Eq. (9) is interesting
since it can show the nature of the approximations invoked by
the previous investigations to solve it. To illustrate the graphic
solution of Eq. (9), write it as follows:

Y5 (L/D)sinf+ cosfz = cosf o)

By plotting the left- and right-hand sides of the above
equation, the point of intersetion of the two curves will
correspond to 6%, the solution (Fig. 1). For a given entry angle
6, the analytic solutions of Ref. 1 are restricted to values that
are close to zero and those of Ref. 2, near 8. In terms of the
restrictions on L/D, solutions of Ref. 1 cannot permit
vanishing L/D and solutions of Ref. 2 are restricted to small
values of L/D. It is important to emphasize that these
restrictions are lifted if Eq. (9) is solved without invoking
any approximations.

Equation (9’) can easily be solved numerically by Newton’s
method since the appropriate derivative is easily obtained. In
fact, if 6 is an approximate solution of Eq. (9'), 6+ Af is a
better approximation where

_ %L/D sinf —cosf +cosfg

Al =
YL/ D cosf + sinf

For given values of 8; and L/D, the solution of Eq. (9') was
carried out with a small programmable calculator. An
analytic solution to Eq. (9”) can be obtained by transposing
the term cosf; and squaring both sides. This leads to a
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COS Ng + 1/2L/DSIN 0 (g =12 deg
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90 —
80 |-
70 L/D=0
60 [~ 0.25
50 |-
1.0
0
40 —
30
20 |-
L | I | |
10 |- 0 2 4 6 8 10
L/D
i ] L ] i | | ) . . ind 9
0 10 20 20 40 50 60 70 80 20 Fig.4 Solution of V2 L/D sinf = cosé — cosf for §, =12 deg.
g, deg _
Fig.2 Solution of V2 L/D sinf =cosf —cosf .
16 - L/D=0.25
: O A RESULTS OF PRESENT ANALYSIS
——REF. 1
4 - 40 —
12 |-
30 -
10 [~
0
w
8 - ©
b4 -
%20
w
o
6
4 - 10 +—
2
L | 1 | | SR
0 3 6 9 12
0 2 4 6 8 10 12 14 16 :
g, deg flg, deg

- Fig.3 Solution of V2 L/D sind = cos@ —cosf; for L/D=0.25. Fig. 5 Peak acceleration, V' =26,000 fps (7.921 km/s) Earth entry.



122 P.R.NACHTSHEIM AND L.L. LEHMAN

quadratic equation in sind with the solution for positive sinf
as follows:

— Y4L/D cosfg +V (V2L/D)? +sin20,

e
sin 1+ (%L/D)?

However, the method of analysis utilizing the numerical
method has the advantage that it can be readily generallzed to
solutions for peak heating, for example.

In Fig. 2, for some selected values of L/D, the solution of
Eq. (9) is displayed for given values of 6. The exact solution
is compared with the approximate analytic solution of Ref. 1
for L/D=0.25 in Fig. 3, and for the approximate analytic
solution of Ref. 2 for 8 =12 deg in Fig. 4. As pointed out
previously, the solutions of Ref. 1 are valid for 6, near zero
and those of Ref. 2 are valid for L/D near zero. The figures
illustrate this clearly. The solutions of Eq. (9’) were also
employed to evaluate the peak acceleration for L/D=0.25
and 1.0 utilizing Eq. (12). In Fig. S, the values of peak ac-
celeration obtained were compared with the solutions given in
Ref. 1 for V;=26,000 fps (7.92 km/s) for Earth entry.
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Concluding Remarks

This paper presents a unified treatment of the effect of lift
on peak acceleration during atmospheric entry by employinga
general expression for the peak acceleration. The tran-
scendental equation which arises in the analysis is solved
without invoking any approximations. The connection with
earlier studies is pointed out and results are presented and
compared with earlier studies. The method of analysis can
easily be generalized to obtained solutions for peak heating,
for example.

References

I1ees, L., Hartwig, F.W., and Cohen, C.B., ‘“Use of Aerodynamic
Lift Durmg Entry Into the Earth’s Atmosphere,” Journal of the
American Rocket Society, Vol. 29; Sept. 1959, pp. 633-641.

2 Arthur, P.D. and Karrenberg, H.K., “Atmospherlc Entry with
Small L/D,”’ Journal of the Aerospace Sczences, Vol. 28, April 1961,
pp. 351-352.

3Chapman, D.R., ‘““An Approximate Analytical Method for
Studying Entry into Planetary Atmospheres,”” NACA TN 4276, 1958.

4Allen, H.J. and Eggers, A.J., Jr., “A Study of the Motion and
Aerodynamic Heating of Ballistic Missiles Entering the Earth’s At-
mosphere at High Supersonic Speeds,”” NAA Rept. 1381, 1958.



	a: 
	b: 
	y: 


